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CHAPTER II

Semigroups with zero and identity.

§ 1. Semigroups with zero.

ILet S be a mob with O, and a an element of S. If an-a.og i.e.
if for every neighbourhood U of O there exists an integer ngs
such that ane1J ifn 2 Ny then a is termed a nilpotent ele-
ment . '

We denote by N the set of all nilpotent elements of S. An ide-
al (right, left) A of S with the property AP 0 is called a
nilpotent ideal.

A nil-ideal A is an ideal comsisting entirely of nilpotent
elements.

Then it 1is clear that every nilpotent ideal is a nil-ideal,
and that the Join of a family of (right,left) nilideals is
again a (right, left) nilideal of S.

Example: Let S be the unit interval with the usual multipli-
cation. Then I = [:0,1 § is an ideal consisting entirely of
nilpotent elements. |

I is not a nilpotent ideal, since 1" = I for all n.

Lemma 1: Every right (left) nilideal of S is contained in some
nilideal of S.

Proof: Let A be a right nilideal of S. Then SA is an ideal of S.
Suppose X = sa € SA, and let U be any neighbourhood of O. Then
there exists a neighbourhood V of O such that s V a ¢ U.

\s A is a right nilideal of S, ase A, and (as)neV forn > n.
lence if m > n_+1 we have (sa)™ = s(as)m'1 aesVacltl. ©
fherefore S A is a nilideal of S, and hence AUS A, is a nil-
Ldeal of S containing A.

Jefinition 1: The Jjoin R of all nil-ideals of a mob S with zero
Ls called the radical of S. '
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Lemma 1 implies that R is =2 nil-ideal, which contains every
right and every left ni'ideal of 3.

Hence R is the maximal right and the maximal left nil-ideal
If S =R i.e if S consists only of nilpotent elements, then

S is called a3 nil - semigroup.

Let a €3, then we shall denote by [(a)}, the closure of the
n=1 ° \ n=

Lemma 2: Let S be a mob and let A be a compact part of S
such that Ax ¢ A, with [ (x) compact.
Then ?ﬁ 4 x" = he, with e=e® ¢ F{x).

N=

pad n

Procfs Let pe (1) Ax
' n="1

Then p = a,x = agxg - L

Hence from §ﬂ lemma 2 it follows that there is an element.
ae {ai%ga such that p = a e, where e = e? e M(x) (see § 1
th., 4). .

This implies () A x"cA e.
: N=" "

Now let a, e ¢ A x . Then we can find a neighbourhood V of

e such that a,VnA xX = g, %
But since g € ' (x), there is a K, k such that x % Vv and
hence a x © ¢ A %X . "
This is a contradiction, since A xcA implies A x Cc A x*.
dence A e < A xF gﬁ)qu AxP =h e,

0="1

Theorem 1: Let S be an element - wise compact mcb with zero
(i.e for every a, PF(a) is compact).

hen every (right, left) ideal of S is either a nil-ideal

>r contains non - zero idempotents.

2roof: Let® be a non-nilpotent element of the ideal A.

89 o o _
lhen the identity e of the group D = () {alg}i ;n.§ is
10t equal to zero. n=1
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Furthermore a DecD, and a DcA DehA, since A is an ideal.
Hence DnA. # Qy so that Dc A, since no group can properly
contain an ideal. Thus e € A, |

Theorem 2: Let e be a non-zerc idempotent of the compact

mob S with zero.

Then these are equivalent.

1) e S e \N is a group

2) e is priaitive

3) S e is a minimal non-nil left ideal

4) S e S is a minimal non-nil ideal

5) each idempotent of S e S is primitive.

Proofs: (1 —==2)s If e S e \N is a group, then e is the only
idempotent in e S e‘\{Q} s, since no idempotent # O, can be
nilpotent.

Hence e is primitive

(2 =+3): Let L be a non-nil left ideal LeS e,

Then by theorem 1 there is an idempotent fel f # 0,
Since fe€Se, we have fe = £, and (ef)(ef) = ef.

Thus ef is an idempotent ¥ O and ef € eSe.

Hence since e is primitive ef = e,

This implies that ef = e € eLelL. =L = Se.

(3—=14) Let I be a non-nil ideal I €SeS.

Then there exists an idempotent fe I £#0, and elements
a,be S, such that aeb=f,

We can choose b such that bf = b.

Let g=bae. Then geﬁbaebaeﬁbfae=go

Furthermore g#0, since otherwise O=gb=baeb=bf=b.

Now ge Se and g e SfS.

Hence by (3) Se = Sg < 3fS, and we conclude Se3=SfS=I,
(4= 5) Let £ be a non-zerc idempotent of SeS, and let
g=g>#0 € £5°.

Since f,g e SeS, we have SgS=SfS=SeS and f € SgS. Hence f=agb,
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and we may assume ag = a, gh = b,

Since gf = fg = g, this implies afb = agfb = agbh = f.

Hence f = angbno

It follows from éﬂ lemma 2 that there is an idempotent
g¥e N(a) e Sg and bl e P (p) such that £ = g gb'.

We note that g'g = g°, hence &fr=r = g%gf = g, and
f=g=¢g'g="fg=g.

(5 —=1) Since every idempotent in SeS is primitive, e is pr:
mitive and hence Seslis a minimal non-nil left ideal.

Now let a € eSe “ N, then aeW{ServeS%\\No

Since L is minimal. a = eaela = L.

Hence there is a e L such that aa = e,

Let ea = a', then a'e eSe and a'a = e,

(aa*)(aa’) = aea! = aa'. Hence aa' is an idempotent and
aa' € eSe \ N, Since e is primitive aa' = e,

So we can find for every a € eSe N\ N an element a'€ eSe such
that aa' = e = a'a. ‘

This implies that eSe \ N is a group, since a'¢ N,

(53
For if a'€ N, then () S(a')" = 8.0 =0 by lemma 2.

n=1 2 2 n n
This is in contradiction with aa' = a“(a')" = a (a')" = e.

Definition: A mob S with zero is said to be an N-semigroup
if its ﬁilpotent elements form an open set.

Lemma 3: Let S be a mob with zero, and let ae S,
If a” is nilpotent for some n 3 O, then a itself is

a nilpotent element.

Proof: Let U be an arbitrary neighbourhood of O, then since
9J0 = 0, there 1s a neighbourhcod V of 0, such that

WeUu (j=1,2,...,n).

3ince a” 1is nilpotent there exists an integer ko‘% 0 such

shat (a™)¥ e v for k 5 k_.
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Ko g™t oy s -1,2,...0 kK k

Thus aian
This implies that for N » nk, aV e U,

Hence a is nilpotent.

Theorem 3: If amob S with O has a neighbourhood U of O,
which consists entirely of nilpotent elements,
then S is an N-semigroup.

Proof: Let p € N, then there is an n such thatApn@ U.
Therefore there is a neighbourhocd V of p, such that v?e U,
Hence every point- of v is nilpotent.

Lemma 3 then implies that V € N,

Theorem 4: A locally compact mob S with O having a neigh-
bourhocod U of O which contains no non-zero idem-
potents is an N-semigroup.

Proof: Since S is locally compact and Hausdorff. S is regular,
and we can find a neighbourhood W of O, such that W ¢ U, and
W is compact.

The continuity of multiplication and the compsctness of W im-
ply, that there is a neighbourhood V of O, with VW e W

VeW,

Hence Voc V. We W, and Vie W,

The set A = 150 vl 1s a mob contained in W,

Therefore A 1s a coupact mob contained in U,

Since A contains no non-zero idempotents & is a nil-semigroup
(theorem 1),

Hence V consists entirely of nilpotent elements, and by

theorem 3 S is an N-semigroup.

Corollary: A locally compact semigroup with O, which is not
an N-semigroup contazins a set of non-zero idempotents with

clusterpoint O.
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rem 5: The radical of a compact N-semigroup is open.

f: Let aeR, then for every seS saeRcN.

e N is open and S compact, there exists a neighbourhood
a such that SVe N, VcN,

VuySV is a left nil-ideal, VU SVCR.

VcR and R 1is open.

[4:]

14

rem 6: Let S be a compact N-semigroup which is not a
nil-semigroup.

any ncon-nilideal I of S contains a minimal non-nil ideal

such that I*/ R* is completely simple, where R*z I*r)R

re radical of I*o

f: Since I is a non-nilideasl of S, I contains non-zero
sotents.
= E- {O.}o Trhen E= is closed, since N is open and E is

*
do

(5]

13-

% * ,
= R Se,. S, e,e E nl.
A ) N §
E, is closed and non-empty.
S

[SJ]

>

A
se EV is a minimal member of {Ex}’c EV exists since S
xmpact .
1@ll now prove that e, is a2 primitive idempotent.
/ 2
se 0 # £ = e e, Se,=fe I.Then SfS<Se S, %,

: EV is minimal;

4
3 = A b = f° it = 'F’ =
fS = ErmSeySD Hence e, sqisgog with e,s, 84,841 sqo
n =1 ‘ n-1 n-1 n--1 n-1 n-1
€ = 8 5 8.8 = : f S = =
85 1 S4fs28p S fs4fsgsy 5, fe,s;
.1 -
Dfﬁg 1
n n
£ 2 S = o
59 %y%2 v
there is an idempotent ge!1§54) and an element se.P(sg)
at ge,s = e,.
bm that w4 fa e s e
te that since [P(s,)e Sf7 gf = g.
= e = of = ff o= i f = f = = 8
e, ge, gfe, = gf g =$,==evﬁ gf g e,.
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Thus e, 1s & non-zeroc primitive idempotent.
Theorem 2 then implies that SeyS=I*c I is 2 minimal non
nil-ideal.

Now we shall prove that R* = "n R,

Since Ir%R is a nil- idnal of " we have I?;Rc:H”
Fuvthepmope SR* ScsI"sc1”

If SR" S = I*S then ISE*SI* = 1%7 = 1%, and so

1% 1SR*ST"c T°R"I"c R*. This contradicts the fact that I
is a non nil-ideal.

*

Ed

Hence SRS is an ideal of S properly contained in I .
This implies that SR'S must be a nil-ideal i.e SRS cR*=>
R* is a nil-ideal of S=>R%IMNR,
Since R” is a maximal proper ideal of I, §3 th.3 implies
that I° / R* is completely simple.

Corollary: Let S be a compact mob with zerc; then S contains
a non-zero primitive idempctent if and only if there is a

non-zerc idempotent e with (eSe)\N closed.

Proof: If e = aﬁ O, @ primitive eSe\ N is a maximal subgroup.
(th.2). On the OJF%p if (eSe)\ N is closed and e # O,

then eSe\N N 1is the set of nilpctent elements of eSe, and
eSe NN is open in eSe,

We conclude from theorem 6 that eSe contains a non-zero
primitive idempotent., Hence so does S.

Theorem 7: Let e be a non-zerc primitive idempotent of the

compact mob S with zero. Then Se\ N and (Se)n N
are submobs and Se \N is the disjoint union of the maximal
Iroups %Pea\N where ey runs over the ncon-zero ldempotents
>f Se.

°roof: Suppose a,be Se\ N, then amsbne Se\ N, Let abeN.
fhen since Se is 2 minimal non-nil left ideal, we know that
32 = Sb = Se => 83" = 5p” = Se.

lence Sab = Shb” = Se =» s{ab}” = se.
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- Se = 0 5(ab)” = 50 = 0 (lemma 2).
- is a contradiction with e # 0.
ose now a.beSenN and ab¢ N,
‘ (ab)2¢'N and hence Sab = Se, since Se is a minimal non-
left ideal.
e aeSe, we have SacSe = Sab.
e Sac SabcSabie Saboc ..u...
since ab e Se, sap” = Se.
implies that Se = (& Sab” = Sa.0 = 0, a contradiction.

1lly let az € Se \ N, Then Sa = Se,

se an idempotent £ in F(a); then Sf = Se = Sa, and f is
ght unit for Se. |

D be the subgrcup of S ccntained in [J'(a). Then D is an
1of P(z2) (§1 th.4). Hence [(a) fcD.=>[(g)=D and

) is a group. Thus Se \N is the union of groups.

any e, = e;x # 0, e, eSe , Se, = Se, so that e  1is primi-
and emSe“\.N is a group.

the maximal group containing €y is contained in €, Sy >
over since any group which meets N must be zero, we

lude that e“Se&\N is 2 maximal group.
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0 - simple semigroups.

n Ch, 1 §3 we call 2 semigroup S simple if it does not

ain a proper non-zero ideal.

O-simple semigrcup we mean a simple semigroup containing

ro element.
mpletely O-s
group with a

imple semigroup 1s a completely simple
zero element.

is completely O-simple then S contains a non-zero

potent and ¢

his implies that S cannot be a nil-semigroup.

he other hand if S is not @ nil-semigroup and S is

mple, then every right or left nilideal of S is the zero
1 {O }9 since §1 lemma 1) every right (left) nilideal
is contained in some nilideal of S.

hall call a

(left, right) ideal I of a mob S with zero

nimal if I # { Q} and {O‘} is the only (left, right)

1l of S prope

rly contained in I.

e every minimal ncn-nil left ideal of & O-simple mob is

minimal left

g 1: Let L
S and

ii Since Ss

ows that Sz

g = 0O, then

is an eleme

idesl.

be 3 O-minimal left ideal of a O-simple mob
let 2 ¢ L\NO, Then Sa = L.

is a left idezl of S contained in L, it
=0 or Sa = L,
S = 0, in contradiction with SaS = S,

nt-wise compact mob with zero, then every

nil {left, right) ideal of S, contains a non-zero idem-

at.

1 this case
there is an
3 2: Let L b

and let

if L is a minimal non-nil left ideal of S,
idempotent eel, with Se = L.

e 3 O-minimal left ideal of a O-simple mob S,
gseS, Then Ls is either {O} or a O-minimal
S

left ideal aof .
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f: Assume Ls # O, Evidently Ls is a left ideal of S,
let LQ be a left ideal of S contained in Ls. Loc:Lso
A be the set of 3ll a el with asezLoo

As = LC s and AcL,
hermore SAs CSLCcLO and SA< SLc L,
e SAchA and A is a left ideal of S.

the minimality of L, either A = O or A = L, and we have

esponding Iy L, =0 or L = Ls.

rem 13 Let S be a compact O-simple mob., Then S is the
n of all minimal (i.e minimal non-nil) left idesls of S.

£: Since S 1s compact, S is completely O-simple and
2 contains a non-zero primitive idempotent e.
§1 th,2 it then follows that Se is z2 minimal non-nil
ideal, and hence a Q-minimal left ideal.
let A be the union of all the O-minimal left ideals of S.
cly A is a left ideal of S and A # {0} .
ve show that A is, also a right i1deal.
1€A and se€S . Then ae€l for some O-minimal left ideal
S. 4
:mma 2 Ls = O or Ls is a O-minimal left ideal.
> LscA and aseh.
A is a non-zero ideal of S, whence A = S,

1wloguocus result holds for O-minimal right ideals.

1 33 Let L and R be O-minimal left and right ideals of
a O-simple mcb, such that LR # O.

RL = RnL is a group with zero and the identity e of

O} is a2 primitive idempotent of S.

'¢ Since IR 1s a non-zero ideal of S, we must have

S. Furthermore RL # O, since S = S° = LRIR.

et 3 € RL\0, then ae L\NO and ae R\NO, and hence Sa = L
a 1) , and s8R = 0 or aR = R.
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3ince S = IR = SaR, it follows that aR # O,

yonsequently aRL = RL,

[n the same way we can prove that RLa = RL,

"rom this we conclude that RL is a group with zero.

Jlow let e be the identity of RL.

hen since R = eS and L = Se, we have RnL = eSnSe = eSe
ind RL = eSSe = eSe.

yvince eSe 1s a group with zero, e is primitive.

‘heorem 2: Let S be a compact O-simple mob and let e and f
e non-zero primitive idempotents of S.

'hen the maximal subgroups H(e) and H(f) containing e and f
'espectively are topological isomorphic compact groups.

'roof: Skice Se and Sf are O-minimal left ideals and eS and fX
-minimal right ideals { §1 th.2) it follows from lemma 3
hat eSe\{O} and f’Sf’\{O} are groups.

ince H(e)c eSe\{0} we have H(e) = eSe‘\{O}-s H(f)= £SF\{0!
‘ow eSSP # 0, since eSSFS = eS” = eS8,

ence eSnsSf £ 0,

et a # 0 € eSnSf. Then ea = a = af.

ince eS = aS and Sf = Sa (lemma 1), there exists a, and

26-8 such that e = aa f = a,a.
ow let b = fa,e ;, then b £ 0 and
b = afaqeiz aa,e = ee = e ; ba = fba = a_aba = aea = .
urthermore bS = fS, Sb = Se. ‘

e now proof that the mappings ¢ : x— bxa and Y: y->ayb
re mutually inverse one-to-cne mappings of H(e) and H(f)
pon each other,

or let x eH(e) then bxa € bSnSa = £SNSF = H(r)u{o} .
imularly y e H(f) implies aybeaSnSb = eSnSe = H(e)vu{o}
nd if xeH(e) a(bxa)b = exe = X,

is an isomorphism since (bxqa}(bx28)= bx ex,3 = bx,x,a.

e

ince @ is continuous and one-to-one ¢ 1is topological.
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corollarys Let S be a compact O-simple mob,
hen S is the disjoint union of isomorphic compact groups
i(e) and of sets A, with the property Ai - 0.

;orollary: Let S be a commutative compact O-simple mob.
hen S 1s a group with zero.

’roof': By lemma 3 we have 82 = SnS =S is a group with zero
3yince 3 is both a O-minimal left and right ideal.

Theorem 3: Let J be a maximal proper ideal of the compact
10b S.

'hen the following are eqguivalent.

1°) S-J is the disjoint union of groups.

%) for each element of S-J, there exists a unit element
©) aes8-J implies a“e S-J

) 7 is a completely prime ideal

;O) S~J contains an idempotent, and the product of two
dempotents of S-J lies in S-J.

'roofs

1) clearly inplies (2).

2) —(3)., Let aeS-J and ax = xa = a.

‘hen ae = ea = a, with e = efe r{x) and eeS-J.

ence since S-Juio} =U H{ed}u&JAuﬁ we have ae H(e) which
mplies age.H(e)=m% aae,SmJo

3)—=(4) Let a,be S-J and suppose abed,

hen I ={x|xeS =xbeJ} 1s a left ideal with I> J,
ow let x €I, xs¢ I, then xsb¢J, and hence xsbxsb ¢J =>
X ¢ J=> bxbx ¢J =>xb ¢J a contradiction. .

ince I is an ideal containing J, we have I = S=b e J a
cntradiction.

4)=s (5} This follcows from the fact that J = JO{:s-e)°
5)—> (1) Since eeS-J; we have SAJ completely simple and

/3 =U H{em}kJ U Aﬁo




w let a # O éAﬁg then a e Se and a € fS. with SefS = O, or
.se it would follow from lemma 3 that a eSenfS=H(ea)U {O} .
nce ef ¢J, we have however SefS £ 0, a contradiction.

nee Aﬁ = ¢ and S-J =U H(edjo

'om theorem 3 it follows that S-J is a group if and only
J contains a unique idempotent.
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5. Connected semigroups

ma 1: If S is connected, then each minimal (left,right)
2al of S is connected.

of :

> L be a minimal left ideal of S, then for any aelL, Sa =L
1 hence L is connected.

K is the minimal ideal of S, then K = SaS for each a e¢K.
1ce K = sigs Sasa ¢ Since each Sasd is connected and meets

> connected set aaS it follows that K is connected.

ma 23 If S is connected, then each ideal of S is connected,

>vided S has a left or right unit.

>of @
3t I be an ideal of S. Then I = x%& Sx if e is a left unit
S. Since each Sx meets aS with a eI we have that I is con-
rted.

umple:s LetS:{(X,y)l 0¢x ¢1 Osgsy <1 o
: (xﬁ,yﬂ) and (xgsyg)e S define the product (xﬁ,yq),(xg,yg)
be (O:Yr'[yz)v

:n° S 1s a . compact connected commutative mob.

I = {(x,y) | x = 0,1 Os;ys‘T}.

lI“’:{(x,y)] Osx<% %<xs’1 Osyc’i}.

m I is a disconnected closed ideal, and 1 is a disconnec-
| open ideal.

orem 1; If S is connected and I an ideal of S, then one
. only one component of I is an ideal of S.

of 3
I* = SIUIS. Then I” is connected and the component of I
ch contains I* is an ideal of S.
'thermore it is readily seen that this is the only component
S which is an ideal. This ideal will be called the component
al of I.




-

mma_3: Let S be a compact connected mob and U a proper
)en subset of S with J_(U) # ¢.

1t C_ be the component ideal of JO(U), then C_ intersects
\U. '

*00f 2

’ Uén U\NU = ¢ , then FézUs and since 55 is an ideal, we have

cJ (U) and C = C,.

irthermore JO(U) is open and hence we can find an open set
with coc:Vc\“cho(U).,

nce CO is @& component of the compact set T of the connec-

d set S, we have C_n T\V # ¢ a contradiction.

rollary 1:

£t S be a compact connected mob and F a closed subset of S\K,
th the property that if Fnl £ ¢, then Fc I for any ideal

of S.

en if C is the component of S\F which contains K then F =
\C.

'00f 2

nce C is closed in S\F we have CnS\F = C=>F>C\C
rthermore it follows from lemma 3 that 1f CO is the ingo—
nt ideal of J (S\F), then K=C_ and 50 intersects S\F \
Fec F

nce FCEOCE,

nce FnC = ¢ we have Fe C\C.

we take in corollary 1 F = H(e) with eeENKE and if C is
e component of S\H(e) which contains K , then H(e) = C\C.

is follows immediately from corollary 1, since if H(e) I # ¢,
en H{e)c I for any ideal I of S. Furthermore it follows that
e) with e e E\K can contain no innerpoints:

eorem 2: Let S be a compact connected mob. If K is not the
rtesian product of two non-degenerate connected sets, then




4o

ither K is a group or the multiplication in K is of type
a) or (b).

2) Xy = x all x,y €8S

b) xy =y all x,yeS.

roof s
rom Ch I. 92 lemma 4 we know that

{SenE} ese. {eSnE} ee¢EnK.
>w let K'= (SenE) X (eSe) X (eSeE) and ¢
(x,¥,2) = Xyz. .
1en @ is clearly a continuocus mapping of K onto K.
w let x1y1zq = X;¥pZ, with X19x2e.Seer, eeSnE
3dgeeSeo
ren since x5 and x,8 are minimal ideals with x,Snx,S £

: have x1x2 = xgc

irthermore since

lﬂ%zeseg Se = qu = ng =3 xqe = X4 xze = X,,8X, = €X, = €
mece X, = X X, = xq(exz) = x4 = X .
1 the same way we can prove 24 = 2o

nce K, ¥4z, = Xy¥,y2, We have eX V4 248 = ex2y2226==>ey1e =
eV = V4 = Voo
nce ¢ 1s one to one and K is homeocmorphic to K>,
nce K is connected; each of eSe, SenE and eSnE must be
nnected.,

nce at least two of the factors must consist of single
ements.

eSnE
eSaE = eSe = e, then K = Se, and if x,yeK we have xy =

i

SenE = e, then K = eSe and hence 3 group.

(xe)(yel= x(eye) = xe = x.
- SenE and eSe are both e, then the multiplication is of
pe (b).

rollary: Let S be a compact connected mob. If K contains
cutpoint, then the multiplication in K is of type (a) or (b)
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roof:

f K contains a cutpoint, then K is not the cartesian product
f two non-degenerate connected sets.

ence from theorem 2 it follows that K is a group or the
ultiplication is of type (a) or (b).

ince a compact connected group, contains no cutpoints, the
orollary follows.

efinition 1: A clan 1is a compact connected mob with a unit

lement .

smma 4: Let B be the solid unit ball in Euclidean n-space
1d let f be a map of B into itself, such that |x - f£(x)|<3
>r all xeB. Then O e f(B).

»c0f
2t X = (xqgooo,xn) f{x) = (fﬁix)son, fnix)}o
> now consider the mapping h(x) = (x,1 ogxn}—{fq(x)joo.fn(x)).

3

11s mapping transforms the balll;ciS% into itself and hence
7 Brouwers fixed point theorem there 1s a point x. for which
r *
x7) = x".

* # 3 * * *y 3 e :
€ ‘(Xqu secesk ) = ‘(Xq 2°°’3Xn >‘(f1(x }«oafn(ﬁ )) : f(x ) = 0.
ieorem 3: Let S be 2z mob wilth unit element u having an
iclidean neighbcurhood U of u.
ien H{u) is an open subset of S and is a Lie group.

001 3

: L R :
: identify U with E and let F.={=x |,
nce the multiplicastion on F is urniformly continuous there

u-x| < €.

. a J such that |x-xy| < %? , | x-yx !<?2 whenever |u-y|<J.
' lemma 4 ueF,y and ue.yﬁg , hence y has an inverse y~1
; FE and the mapping y— ¥ is continuocus.

erefore H{u) is a topological group, and since 1t contains
. open set 1t must be open in S.

rthermore H{u) is locally Euclidean and hence a Lie group.




o

orollary 1: If S is a clan having a Euclidean neighbourhood
f the identity then S is a Lie group.

'roof 3
.y theorem 3 H{u) is open. H(u) is closedsince S is compact,
nd hence H(u), must be all of S. Thus if S is a clan and S
s an n-sphere, then S is a topological group, and hence

= 0,1 or 3.
n general a compact manifold which admits a continuous
ssociative multiplication with identity must be a group.

orollary 2: Let S be a clan and F a closed subset of S sud
hat S-F is locally Euclidean.
hen either S is a group or H(u)cF.

roof’s

et heH(u) and h¢F. Then h has a Euclidean neighbourhood V.
ince h."/l V is a Euclidean neighbourhood of u, it follows
rom corollary 1 that S is a group.

n case S is a subset of Euclidean space, then it follows from
orollary 2 that H(u) € boundary of S or S a top.group.

f S contains interior points, then it cannot be a group and

e have H(u)<Bd(S).

efinition 2: A subset C of a space X is a C-set provided that
4 X and if M is a continuum with Ca M # ¢ then MeC or Cc M.
t can easely be shown that if C is a C- set of a compact
onnected Hausd. space, then the interior of C is empty and

is connected.
or let x be an interior point of C, then there 1s an open set
with xevVeVcC.
ow let yeX-C. Then the component M of y in X-V has a non-
mpty intersection with the boundary of X-VeV. '
ence M is a continuum with MnC # ¢ and C%M, M ¢ C.
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heorem 4: (Gleason).

.t G be a compact Lie group which acts on a completely
egular space X. Let p eX such that g(p) # p unless g is the
dentity; geG.

‘hen there exists a closed neighbourhood N of p and a closed
;ubsgt C of N, such that the orbit of every point of N has
2xactly one point in common with C.

'voof:s See Gleason Pr A.M.S.1 1950,

emma 5: Let G be a compact group and let U be an open
ieighbourhood of the identity.
‘hen U contains an invariant subgroup H of G such that G/H is

| Lie group.
'roofs See Montgomery Zippin: Topological transformation groups.

‘heorem 5: Let S be a clan, S no group G a compact invariant
ubgroup of H{u) = H, such that H/G is a Lie group.

'hen S contains a continuum M such that M meets H and the
omplement of H, and such that ueMnHgG.

'roof’s

le can consider H as transformation group acting on S. Let

[' = H/G and S' the space of orbits of G. Then H' 1s a com-
vact Lie group acting on S'.

ly theorem 4 there exists a clcsed neighbourhood N of u'=u.G
nd a closed set C ¢N such that n H'n C is a single point for
ach neN,

low let S'' be the space of orbits under H.

'hen we have the following canonical mappings o«: S—=+S8' ,

b St ST i° S—»S5'', with /::u.ﬁ

ince « and J are open maps, f 1is also open.

et N° be the interior of N then p'N is open and B(u')e ﬁ(NO).
et P be the component of @{N ) which contains plut).

hen P meets the boundary of p{N} and hence P is non-degenerate.
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low let "= p|cC.

Then since n H'nC is a single point for each neN 1t follows
shat {3‘* is a homeomorphism between C and Nf .

@*4((?) is a continuum which meets H' on., at CnH', and hence
@*4(}?) also meets the complement of H'.

low let K be a component of & | ¢ “Yp).

iince o is an open mapping we have oK) = ,6*—1(5)0

lence K is a continuum which meets H and the complement of H
ind Kanm"/l(@)g where ¢ = Ca M .

et heKnH, then KnHehG.

juppose now M= h™ ' K, then neMnaH and MaHeG and 1f keK,

c¢ H, then h ke M; hd'k¢H, since S-H is an ideal of S. g.e.d.

‘heorem 6: Let S be a clan which is no group.
‘hen the identity u of S belongs to no non-trivial C-set.

‘roofs

et ueC, with C aC-set. We first prove that C<H(u).

f x eC, then since xS is a cortinuum which meets C, we have
e xS or xSeC.,

‘f uexS, then x has an inverse and is thus included in H(u).
low let u%xsg then x8c¢C; xS # C, and there is an open set V
4th xSeV; C\V £ ¢ . Since xK<K we have KnC # (.

‘f uekK then S is a group, hence u¢K = KcC.

le can find now an open set W with xeW WS eV,

ince C contains no interior points there exists a yeWN\C with
SecV.

learly yS is 3 continuum which meets both C and S\C and

. ¢ yS a contradiction.

lence uexS and thus x € H({u, = CcH(u).

low let U be a neighbourhooc of u such that C¢U.

‘hen by lemma 5 there is a subgroup GeU such that H/G is a
de group and C4G.

heorem 5 implies that we can find a continuum M such that
1e Mn He G and such that M meets the complement of H.
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ifence MnC # ¢ and since CcH M meets the complement of C.
= CcM.
3ince MAHc G and C¢G =>C¢M a contradiction. q.e.d.

ixample: Let A = %(xsy)) | v = sin% 0 < xs'l%

B={(2-x,y) | (x,y)ehr},

c={(0y) u (23] -1sy<1}.
ind let S = AvuBuC.,
{e will show that S does not admits the structure of a clan.,
for suppose that S 1is a clan.
3ince S is not homogeneous, S cannot be a topologlcal group
ind hence S # H(u).
'hen S\H(u) = J #£ ¢ is the maximal proper ideal of S. Since
] is open, dense and connected we have AUB cdJ and hence ueC,
3ut since C is the union of two C- sets, u cannot be in C.

it

cemma 6: Let S be a clan and CaC-set of S. If g is an ldem-
>otent with g ¢ K, then g%C.

‘roof s

juppose g e¢C. Since gSg is a continuum we have C < gSg or

t1Sg €C.

¢ is the identity of the clan gSg and gSg is not a group since
:dK (Ch I.§3 th.6). Hence theorem 6 implies that C ¢ gSg.

Jow suppose gSgeC =2KnC # ¢ and since geC C\K # .

et U and V be neighbourhoods of K with SK=KeU<TUeV.

hile g ¢ V.
since S is compact there is a neighbourhood W of K such that

We U
W 18 a continuum and hence SWe C,
urthermore WeSW and this would imply that C contains l1nner

oints; a contradlction.

‘heorem 7: Let S be a clan and C a C-set of S, then C=K.
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eroofs

Trom the proof of lemma 6 it follows that if KaC # ¢, then
> £ K,

Suppose now CAK = ¢ and let xe C and U a neighbourhood of x
vith C\U # ¢,

Let e be a minimal member of the partial ordered set E with
e = X,

> exists since E_ ={e ieg = e xe = x} # ¢ and compact.
furthermore e ¢ K since x¢K.

fence H{e) # eSe and we can find a neighbourhood V of e such
chat ¥xVe U and a continuum Mc eSe such that e€ McV and

1 {eSe \H(e)} £ g,

3ince x € xM we have xMcC,

Let m ¢ Mn{eSe \H(e)} , then Cc xSm.

'his implies that x = xsm = xesem = xp with p e { eSe \ H(e)
since | eSe\\H(e)} is an ideal of eSe.

lence x = xf with f = fge P({p)c eSe, and thus ef=fe=f = f<
3ut since e is minimal we have f = e.

furthermore pe = p = ep =»pf = p = fp=>pe H(f) = H(e) "
sontradiction.

"heorem 8: If S is a clan and if K is a C-set, then K is a

nraximal subgroup of S.

‘roofs

[f S = K, then S is a group and the result follows.

[f S £ K, then K has noc interior pcints since K is a C-set.
et | axsxg%§ be a directed set of points of S\K with a,—e
ithere ¢ = e € K.,

jince Kna,S £ ¢ Kn Sa, # ¢ and a,e a,SnSa, we have
:aaxSnSax = KceSnSe = eSe,

Jow eeK gives H(e) = eSe and thus K = Hle).

‘heorem 9: If a clan is an indecomposable continuum it 1s

I group.
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Proof:

If S = K, then S is a group.

Suppose now K #£ S. Then there exists an
KeVeV #S. Let I (V) pe the union of
contained in V, then JO(V) is open and ¢
ke (V)ed (V) # s.
Since S = J_ (V) U 8- J (V) and S is ind
3- JO(YE_EPt connected.

Let S—JO(V) =AuB AnB-= d A,B open .
Then we have JO(V)&JA connected and JO(V
rence S not indecomposable; & contradict

set V

ideal
ted a

osabl

conne

have

and




§ 4. I-semigroups

Jefinition 1

et J =[a,b] dencte a closed interval on the real line.
f J is a mob such that a zcts as a zero-element and b as an
.dentity then J will be called an I-semigroup.

le will identify J usually with [0,1] , so that Ox = x0 = O
imd 1x = x1 = x for all xel,

‘xample: J, = [0,1] under the usual multiplication
J, =[%£,1] with multiglication defined by xoy = max
(3,%xy) where xy denotes the usual multiplication of
real numbers,
3 = [0,1] with multiplication defined by xoy = min
(x57).

'1 and J2 have Jjust the two idempotents zerc and identity, but

n J
g 3 -
urthermore every non-idempotent element in J., is algebralcally

every element is an idempotent.

il-potent i.e. for every X & J, Lhere exists an n such that

0

is equal to zero.

emma 1: If J is an I-semigroup, then xJ = Jx = [0,x]for all
L€ J '

roof:

ince xJ is connected and O,x exJ we have [O,x]ecxJ and by the
ame argument J
L (L0,x) =3
n ideal of J.
ence Jx € J?Ecjéc [0,x] and =xJelO,x].

hus xJ = Jx =[0,x] .

x o> [0,x] .
3

s copen and connected and hence xe€J

o and JO

orocllarys If J is zan I-semigroup, then x€y and we v =

WYV,
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‘roof: Since x£y there is a z such that x = zy.
lence xw=z{yw) < yw.

[n the same way wWe can prove yws yv = XW S yv,
Theorem 1: If J is an I-semigroup with Jjust the two idem-
i

"

0

sotents O and 1 and with no nilpotent elements, then

Lsomorphic to Jﬂo

‘roof: We first show that if xy = xz # 0 then y = z.

\ssume y <2z, Then by lemma 1 there is a w such that Yo= ZW,
lence xy = x{zw)= xyw =>xy = (xy)wn for every n>0,

hus xy = (xy)e, with e = e®e niw).

since 1 € "(w), we have e = O =»xy = O a contradiction.

le now prove that if x # O, then x has a unique square root.
ne function f: J=»J defined by f(x) = x2 is continucus and
eaves 0 and 1 fixed. Hence f is a map of J onto J so that
square roots exist for every element,

ssume a° = b2 4 0 and let a<b,

'hen by lemma 1 agé ab:Sbgo Hence ab = ag=é b= a.

'his establishes that for x # O, x has a unique square rcot
ind by induction the

Jgt X ge the 27-th root of x # O and for r = p/2" define

A S

n
r .S r+s
‘hen it 1is easy to prove that X X~ = X , where r,;s are

n
hat x has unique 2-th roots,

yositive dyadic rationals,

‘urthermore if r< s, then xp> xso For by lemma 1 xpa xsﬁ and
£ x5 = x%, then xF7° = 1,
'his implies that 1lim X, = 1.

vince xn<=xn+1 1lim X exist. Assume lim X;ﬁ y
'hen since y — 0 there is an nj such that y'0 <

lence y < x a contradiction.

a contradiction.

3

L,
X,

low let D = { x" | r a positive dyadic rational} .
‘hen D is a commutative submob of J and D = J.
ssume D # J. Then there is an open interval Pc J\D.




= {a,b) and b eD,
‘ow since Xn‘_’ﬂﬂ x,b-—>b, and xnb§:b by lemma 1,
f x.b = b, then X, = 1 a contradiction.

ence Xrb<?3 and xﬁbéz’fon n sufficiently large.
é )
ince béD and x_eD, we have preﬁ a contradiction
nd thus D = J,
let g: D=J, be defined by g{x') = &
oW e go (1 e - ned uy g‘-\x 4 - 2 o

(D) is dense in J,1 and g is one- to one continuous and order
reserving.

ence g can be extended to an isecmorphism of J onto Jqo

heorem 2: If J is an I-semigroup with Jjust the two idem-
otemts 0 and 1 and with a%t least one nilpotent, then J is

seomorphic to an

rcofs

et d = sup{x lx2 =0 }o Then d # 0.

or let y # O be nilpotent, then y = 0, yn”,5 # 0 for some
> 10

Jw’l

learly (y } = 0. Hence d 2 3~ .
s shown in theorem 1, d has a unique 2%th poot and if r and
are positive dyadic rationals, then a¥ <« a° if r>s and

£ 0, and aFa® = a"*"%,

A8

n-="1,

ow let D ={d"| r a positive dyadic rational} . Then by the
ame type of argument used 1.1 the pﬁocf of theorem 1, D = J,

s define g: D—=J, by gld "y = (V4)Y. Then g is one to one
nd continuous and g(D) is dense in J,.
ince g is crder preserving it can he extended to an iseomor-

viam of J onto Jgo

o

neorem 33 Let J be an I-semigroup. Then E is closed and 1f
; P€E, then e.f = min

sem
(e,f)
ne complement of E is the union of disjoint intervals.

o

2t P be the clcsure of one of these., Then P is iseomorphic
o either 51 or Jpo Furthermore if xe P, yéjP then xy = min

Ks¥) o
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‘rocf's
et e; fekE e<f, Then by lemmz 1 e.e¢ ef=de < efl,
jince ef € e, we have e = ef,

low let @ =[e,f].

‘hen for any x,y¢€ [e,f] we have e.e

Iy
%
Y
i
=
P

l[ence Q is & submob of J.

‘urthermore if e<x, then ez exze.e = € =pex = €,

‘'n other words e acts as a zerc for [e,1]

£ x £ £, then by lemma 1 x = £y and thus fx = X,

' acts as an identity for [0, ].

jo0 we have in particular P an I-semigroup with only two ldem-
yotents and hence P is iseomorphic eilther to J% or Jpo

f x € P, yséPg x £ v then there is an ee E, with 2z e£y.

lence xy = (xe)y = x{ey, e = X,

't follows from theorem 3, that every I-semigroup is commu-

ative,

n
0]

'neorem 4: Let
10b such that a and b are idempotents and S co
dempotents, then S is abelian.

the closed interval [a,b]. If S 1s a
ntal no other

'rocf's

et eeEn k., Then Hle) = eSe.

ince S has the fixed point preoperty and H{e) is z retract
f S, H{e) has the fixed point property and hence H(e) = e.
onsequently every element cf K is idempotent.

iince K is connected, K = a or K = b,

f K = a, then a is a zerc for S and g an identity since

S = Sg = S,

‘ence S is an I-semigroup and abellan.

‘heorem 5:let S be the closed in al [a, a] If S is a clan
uch that both a and b are idempotents, then S 1s abelilan 1f

nd only 1if S has a zero.




roof:

et S be commutative, then K is a group and by the same

rgument used in the proof of th. 4, the maximal subgroups

n K are single elements,; hence K consists of only one element,
Zero.

‘ow let S have a zero. If either a or b is the zero element,

hen the other is obviocusly a unit and the result follows by

heorem 3. '

ow let a <0<b. Then S' = [a,0] is a submob of S.

or suppose there exists x,ye S' with xy e{(0,b] .

", we have x,xyex [a,v]-

hen since a acfts as a unit on S
ence there is an s’ e [a,y] with xs* = 0.

ince 0,s"¢ s*S', we have v = s”q.

ence Xy = xs*q = 0g = 0 a contradiction.

n the same way we can prove that S" = [0,b] is a submocb of S
nd both S' and 3" are commutative since they are I-semi-
roups. It also follows that the unit of S is either a or b.

uppose b is the unit element. Then in the same way as above

e can prove that as” = S"a = [0,a] .

ence if x" € 8" then ax" = y"a = (y"a)a = a(x"a) = a(az") =
az?'l = Xiiac '

urthermore if x'e S' and x"e¢ 3", then x'x" = (x'a)x" =
"ax") = (ax")x" = (x"a)x"' = x"x'.

heorem 6: Let S be the closed interval [a,b] . If S is a mob
uch that a and b are idempotents, then S is abelian if and
nly if S has a zero and ab = ba.

roof s

f S is commutative, 3 has a zero by the same argument as in
ba.,
ow let S have a zero and let ab =
hen again tle result follows if either a or b is a zero,.

f a<0<b, then 3' =[a,0] and 8" = [0,b] are abelian sub-

heorem 5, and okviously ab

v

r

28, .

okbs of S.
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